ON THE WEIGHTED d-NEUMANN PROBLEM ON UNBOUNDED 

DOMAINS. 



KLAUS GANSBERGER 
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^ \ Abstract. 
^ ■ Let Q be an unbounded, pseudoconvex domain in C™ and let tp be a C 2 -weight function 

q | plurisubharmonic on fl We show both necessary and sufficient conditions for existence 

^| ■ and compactness of a weighted 9-Neumann operator N v on the space L 2 ^(O, e - ^) 

in terms of the eigenvalues of the complex Hessian (d 2 (p/dzj&Zk)j.k of the weight. 
We also give some applications to the unweighted 9-Neumann problem on unbounded 
domains. 
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1. Introduction. 



The subject of this paper is the weighted <9-Neumann problem on pseudoconvex, un- 
bounded domains. The weighted <9-Neumann operator is the inverse of the weighted 
complex Laplacian, which acts on (p,q)-forms that satisfy certain boundary conditions, 
see Section |2] for the precise definitions. The weighted <9-equation is one of the funda- 
mental tools in complex analysis, see e.g. [H]. It also arises when studying the un- 
weighted problem: For instance in the case of complete pseudoconvex Hartogs domains, 
the 9-Neumann problem can be reduced to a corresponding weighted problem on the 
base domain [2J, [TH]. A third motivation comes from the study of three-dimensional, 
pseudoconvex, compact CR-manifolds, see [5J. 

O ■ 

The unweighted <9-Neumann problem on bounded domains has been intensively studied 
^ ■ and is of interest in complex analysis for various reasons. For background on the d- 

Neumann problem, we refer the reader to [3], [8] and [5]. 

One reason for the interest in this problem is that existence of a bounded <9-Neumann 
operator implies solvability of the inhomogeneous (^-equation with control of the norm 
of the solution (a priori only in the L 2 -sense). The question of compactness of iV is 
of interest for its own right, see for instance [9] for a discussion. To mention one of 
the most important reasons, compactness of N implies global regularity in the sense of 
preservation of Sobolev spaces, see [15]. This in turn has consequences for the extension 
behavior of biholomorphisms. 

More recently, compactness is being studied not only as a property stronger than global 
regularity, but also as one for which a characterization in terms of the boundary should 
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be possible, whereas global regularity seems to be too subtle and unstable for this. 
Generally, compactness is believed to be more tractable than global regularity. 

In jl], Catlin introduced his notion of Property (P), giving a sufficient condition for 
compactness of N and thus for global regularity, which can be verified on a large class 
of domains. A bounded, smooth domain Q is said to satisfy Property (P), if for each 
M G N there is a function A a/ G C°°(£l), such that < Am < 1 and for all p G dQ and 
all t G C n 

y ^L {p ) t -t k > M \\t\\ 2 . 

McNeal gave a generalization - Property (P) - still implying compactness, see [18]. He 
replaced the uniform boundedness of the family by self-boundedness of the complex 
gradient, [TS] Definition 1. One can easily check that Property (P) always implies 
Property (P). There are some cases known, in which Property (P) turns out to be also 
necessary for compactness of N (see e.g. [10J), but in general it is not understood how 
much room there is between compactness and Property (P) or between Property (P) 
and Property (P). 

Few is known for the case of unbounded domains. Recent contributions to the d- 
Neumann problem in weighted L 2 -spaces on C are [IB] and [17] . Weighted spaces on 
C n were considered in [T3] and [12]. In the present paper we develop methods used 
in [12] further which allows us to also treat unbounded pseudoconvex domains with 
boundary. 

The main result on existence is the following. 

Theorem 1.1. Let Q be a smooth, pseudoconvex, unbounded domain and denote by 
\{z) the lowest eigenvalue of the complex Hessian (d 2 <p/dzjdzk)j t k of the weight func- 
tion. Suppose that 

(1.1) liminf A^ > e 

z£.Q,\z\^>oo 

for some e > 0. Then there exists a bounded d -Neumann operator on L 2 (Q, cp). 

To formulate the sufficient condition for compactness, we need a notion of Property (P) 
for unbounded domains. We shall use the following local version. 

Definition 1.2. An unbounded, smooth domain satisfies Property (P), if the follow- 
ing holds: for any p G dQ there is a neighborhood U p such that for each M G N 
there is a function <p Pt M £ PSH(U P ) fl C^iJJp), with < ip Pt M < 1 and X v u > M 
on U p H dQ, where X lfip u > M denotes the lowest eigenvalue of the complex Hessian 
{d 2 Lpp )M /dz j dz k ) j)k . 

If the domain is bounded, this Definition coincides with the original one of Catlin, as 
it was stated above. 
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Theorem 1.3. Let Q be unbounded, smooth and pseudoconvex and suppose that its 
boundary satisfies Property (P). Let \ v (z) denote the lowest eigenvalue of the complex 
Hessian (d 2 ip/dzjdz k )j tk of the weight function. Suppose furthermore that 

lim Xtp(z) = oo. 

\z\^oo,z&Q, 

Then the weighted d-Neumann operator exists and is a compact operator from 
L^ Q1 j(Q,,(p) into itself. 

To also give a necessary condition, we prepare the following Definition taken from pQ. 
Definition 1.4. We call a domain Q quasibounded if and only if 

lim dist(z, dQ) = 0. 

Equivalently, Q is quasibounded if and only if there is no r > such that Q contains a 
sequence of congruent pairwise disjoint balls with radius r. 

Remark. Although a general quasibounded domain can be much more complicated, 
one can typically think of such a domain to look like Q = {(z,w) G C 2 : \zw\ < 1}. 
For further details on the notion of quasiboundedness, see pQ, Chapter 6. 

Theorem 1.5. Suppose that Q is an unbounded but not quasibounded domain and 
suppose that is a compact operator on L 2 ^ (O, ip) . Then for any sequence M(zi,r) 
of disjoint balls with fixed radius r contained in Q it holds 



lim / Aip d\ = oo. 

Jm(z t ,r) 

Remark. For plurisubharmonic functions, Ay? is comparable to the largest eigenvalue 
A n of the complex Hessian (d 2 (p/dzjdzk)j,k- Thus, one can think of f M , ^ Aip dX to be 
a regularized version of X n . Theorem 11.51 states that compactness of N v implies that 
the mean value of A n has to tend to infinty at infinity, which should be compared with 
the condition from Theorem 11.31 

Remark. For the case Q = C, it was shown in [T3] that 

lim / {Aip) 2 dX = oo 

for any sequence (B(^, r))i of disjoint balls with \zi\ — > oo is necessary and sufficient for 
compactness if one assumes A(p G B 2 , a reverse Holder class. In fact, this condition is 
necessary for compactness for Q = C n , n > 1, and arbitrary plurisubharmonic weight 
function (p, as was shown in [11]. Both [13] and [11] apply spectral analytic Theorems 
to prove that result - in contrast to the more direct and purely complex analytic we 
give here, yielding a sharper result. 

Marzo and Ortega-Cerda showed in [T7] under the condition that \i = Aip dX defines a 
doubling measure that 

lim / Aip dX = oo 

JM(zi,r) 
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is equivalent to compactness of the canonical solution operator d^N^ to d in L 2 (C, ip). 
This was done by carefully estimating the Bergman kernel. 

2. Preliminaries. 



Let an unbounded pseudoconvex domain in C n with smooth boundary i.e., there is 
a smooth function r : C n — > H. such that fl = {zG C n | r(z) < 0} with |Vr| 7^ on the 
set {r = 0} and 

3^ — ^ 

for all p G <9f2 and all t G T^dQ. Let furthermore </? : f2 — > IR + be a plurisubharmonic 
weight function of class C 2 and define the space 

L 2 (Q, <p) = {/ : n — ► C I / \ f\ 2 e-* d\ < 00}, 

Jn 

where A denotes the Lebesgue measure. Similarly define the space L 2 ^(Q, </?) of (0, In- 
forms with coefficients in L 2 (Q,(p) and the space L 2 2 )(^, V 9 ) °f (0,2)-forms with coef- 
ficients in L 2 (f2,<y?). Let 

(f,g) v = [ fge-^dx 

Jn 

denote the inner product and 

ll/IIJ= / |/|V*dA 
Jn 

the norm in L 2 (Q,ip). Defining the <9-operator, we set on Cq°(J1), i.e. the space of 
smooth functions with compact support in Q, 

^ ^ f 

^ = £^% 

Taking the maximal closure of this operator and still denoting it by d, we turn d into 
a closed, densely defined operator on L 2 (f2,y?). Moreover, it can be extended to (0, q)- 
forms in the natural way by setting 

for / = J2\K\= q fkdzK- As a closed, densely defined operator, <9 possesses a Hilbert 
space adjoint which we denote by d^. For / = YTj=i fjdzj e dom{d ip ) one has 
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The complex Laplacian on (0, l)-forms is denned to be 

This is a closed, selfadjoint and positive operator, which means that 

(□„/,/>„>(), foTfedom(p v ). 
The associated Dirichlet form is 

QM>9) = (9f,dg) v + (d* v fj? v g)y, 

with form domain dom(d) fl dom(d^). The weighted 9-Neumann operator on the level 
of (0, l)-forms, which we denote by N v , is - if it exists - the bounded inverse of 
Note that we see by the same argument as in [12], Lemma 2.3, that existence and 
compactness of N v is invariant under equivalent weights, where we call two weight 
functions equivalent if the weighted L 2 -norms induced are equivalent. Thus without 
loss of generality, we restrict ourselves from now on to smooth weight functions. 



3. The weighted problem. 



To begin with, let us give the simple characterization of the domain of <9* in the weighted 
space L 2 ^(Cl, (p). 

Proposition 3.1. Let f = Ylfjd^j G L? 01 \(fl, (p) and let r be a defining function offl 
with | Vr| 2 = 1 on dQ. Then f G dom(<9* ) if and only if YTj=i fj~§7~ = ® on ^ as we ^ 



(IS 



Proof. Let a function / fulfilling the conditions be given and let (xr)rgn be a family of 
smooth cutoff functions identically one on B#, the ball with radius R, and supported 
in Mr + \. Suppose additionally that all first order derivatives of the functions in this 
family are uniformly bounded by a constant M. Then for all g G dom(d) we have via 
integration by parts 



(XRf, dg). 



J2far( XR h e ~' P )~ 9 ~ dX + J XR Hf^ e ~^ do- 

n j=1 3 an j=1 

q^. (**/i e ~ v ) g d\. 

( « .7—1 ^ 



n 3 

Now doing the limit R — > oo, it is easily seen that 



\(f,dgU < \\g\ 



3=1 ] 



+ M\\g\ 



<p\\j \\<p- 



So by assumption \(f,dg) v \ < C\\g\\ v and thus / G dam(d ). Conversely, for / G 
dom(d*) and any g G 



Since is dense in L 2 (Q, if), we get after integrating by parts that 



n n 
O 



J'=l J 

hence in particular e v YTj=i (fj e ~ v ) ^ -^v(^)- Doing the same calculation for general 
g G dom(d), integration by parts again yields 

(&f, 9), = (f, dg) v = i-e* (fe~*) ,g) v +fgf^ h^*do. 

3=1 J m 3=1 3 

Thus by comparing the two expressions for cL/, we see that the boundary integral has 
to vanish for all g, which is the case if and only if YTj=i fj~§7~ = ® on 

□ 

The following Lemma generalizes a well-known density Lemma to unbounded domains 
and is the first important technical step in our considerations. 

Lemma 3.2. Let r be a defining function of Q such that |Vr| 2 = 1 on dfl and suppose 
that dQ is of class C k+l . Then for any f G dom(d) H dom^d*^) there is a sequence 
(/CO), c Cf 0>1) (n) such that /« - / in the graph norm f » (||/||J + p/||J + H^/HJ) i 
and /CO vanishes on \ B i+1 as we// as 52jL i fj dT on 



Proof. Keeping the notation from Lemma 13. 1[ we easily see by a direct computation 
that xif ^ f lY1 the graph norm as Z — > oo. Now using Lemma 4.3.2 in [5] for each fixed 
I, the function xif can be approximated by a sequence of functions with the claimed 
smoothness properties, fulfilling the boundary condition and support in B i+1 . Thus the 
Lemma follows by choosing an appropriate diagonal sequence. 

□ 

Proposition 3.3. (Kohn - Morrey formula) Let Q be of class C 2 and let r be a 

defining function of Q such that |Vr| 2 = 1 on dQ. Then for any f = Y^j=ifjdzj £ 
dom(d) PI dom(d ip ) 

= iw+k/iij. 

where a denotes the surface measure on dfl. 
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Proof. Using Lemma 13.21 the Proposition follows from the Kohn - Morrey formula on 

bounded domains by the Dominated Convergence Theorem. 

See for instance [5], Proposition 4.3.1, for a proof in the bounded case. 

□ 

From this identity we can immediately conclude Theorem 11.11 

Proof of Theorem Since existence of N v is invariant under equivalent weights, we 
can after possibly shrinking e without loss of generality assume that A ¥ ,(z) > e for all 
z G Q. Since Q is pseudoconvex, Proposition 13.31 yields eH/H^, < + H^L/IIm f° r 

all / G dom(d) D dom{d lf ), so N v is bounded. 

□ 



4. Weighted Sobolev spaces 



Similar to the case of bounded domains, our strategy to find a sufficient condition for 
compactness of the weighted <9-Neumann operator N v is to show a so-called compact- 
ness estimate (see Proposition 15. ip . To this end, we need a norm on L 2 (Q,ip) that is 
strictly weaker than the weighted L 2 -norm. On bounded domains, one naturally has the 
Sobolev norm ||.||_i, which is strictly weaker than the L 2 -norm by the Rellich - Kon- 
drachov Theorem. On unbounded domains, it is in general not true that H embeds 
compactly into L 2 (fl). Thus we need an appropriate notion of a weighted Sobolev space 
and a compact injection into L 2 (Q, ip). Similar Definitions in fact already appeared be- 
fore in |12j . 

Definition 4.1. Denote the coordinates in C n by (zi, . . . , z n ) = (xi,yi, . . . , x n , y n ). For 
k G N let 

H k (Q,cp) := {/ G L 2 (n,<p) | D a f G L 2 (n,<p) for any \a\ < k}, 
where D a = — — , with the norm 

11/112*= £ \\D a f\\l. 

\a\<k 

Let moreover Hq(Q,(p) be the closure ofC™(Q) under the norm defined above. 
Definition 4.2. For j — 1, . . . ,n let 



X= — -—andY,= — - — 
3 dxj dxj 3 dyj dyj' 1 



and define 



H k (n, ip, \7ip) = {/ G L 2 (n, ip) | T a f G L 2 (fi, <p), for any \a\ < k}, 
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where T a = X^Yf* 2 ■ ■ ■ X^-^Y^ , with the norm 

\a\<k 



Similarly, define Hq(Q, tp, Vy) to be the closure ofC™(Q) under the norm above. 



Note that Xj is the formal adjoint of — with respect to the weighted inner product. 
It holds that X* = — jf- = —D«. The two norms defined above are related in the 

3 axj J 

following way. 

Lemma 4.3. Let ip be a plurisubharmonic weight function. Then for any f G Hq (Q, ip, Vp) : 

(1) < 11/11?,,, v, 

(2) \\(D 3 p)f\% < 2||/||?^ Vv „ where D 3 = 

Proof. For any / G C °°(O) we have {X j + X*)f = f and [X 3 ,X*}f = -gf /. 
Thus 

n 

lv=\\f\\l+Y,(\\ x P\\l+\\Vf\\l) 

n 



E(iwiiJ + n y i/iiJ)-< A ^A 



i=i 



< 



£+£(Po/iii+ri/iii) 
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By density of Cg°(ft), this holds for all / G <p, V<p). Now if D 3 = then 

ll^/IIJ = + x*)f\\l < \\x 3 f\\l + \\x*f\\l < 2\\f\\l^ 

□ 

Remark. On bounded domains, these two Definitions coincide with the classical Defi- 
nition of a Sobolev space, if one assumes the weight function to be smooth on Q. Even 
on unbounded domains, they are equivalent to the usual one if the weight and its first 
order derivatives are bounded, in particular if the weight is zero. In this sense, the 
Definitions 14.21 and 14.31 extend the common notion of a Sobolev space. 
Moreover, Hq(Q, ip, Vy?) Hq(£1, ip) continuously by Lemma H~3l and thus also HQ h (Q, ip) 
ifo~ fc (f2, ip, Vy?), where we use the convention to denote the dual space of Hq(£1, ip, Vp) 
byH^ k (n,ip,Vp). 

Lemma 4.4. Let Q be a domain in C n and let p be a C 2 -function. Suppose that \ is 
a smooth function with compact support in Q. Then 



[ Ap x 2 d\ = -MWxWh + / 

Jn Jn 



X 2 \Vp\ 2 d\. 

n 



Proof. In the proof of Lemma 14.31 we had the identity 
(4-1) ll/llL,v,= ll/lll, + (A^/,A 

Thus, taking / = x^ 2 ; we obtain 



n 

2 

3=1 



it,f Q (l^ - l^xf + \x Vj - \xVv 3 Vj d\ 



and 



2 

l,<p 

3=1 



Since the integrand is real-valued, plugging this into (14. ip it follows by elementary 
algebra that the difference ||/||? j¥ , jV ^ - Il/lli, v equals 

(A<pf,f) v> = 

~ A Y^J n ((x*i + \x ( p Xj ){xx j - ^cpxi) + ixvi + \x<f yj ){x yj - \x<P V j)j dA ' 

which implies the Lemma. 

□ 

Proposition 4.5. Suppose that the weight function satisfies 

lim (9\\7 (p(z)\ 2 + A(p(z)) = +oo as well as 

z£Q,\z\— too 

lim J6\V<p(z)\ 2 + A V (z)) = +oc 



for some 9 e (0, 1). Then the embedding of ^(fi, Vy?) into L 2 (Q,ip) is compact. 

C* = - 

3 dx 



Proof. As noted above, for the vector fields Xj and their formal adjoints X* = —-^r 



the following relations hold on C^°(fi): 



(*j +x;)f = -^-f and [X jt jq]f = -|| /, 

as well as 

([X3,x]]fJ)<P = Kf\\l-\\Xjf\\l, 
+ *j)f\\l < a + + (i + e)ll*;/||j, 

for each e > 0, and similarly for the vector fields Yj. It follows that 

n 

(\V<p(z)\ 3 + (1 + e)Ap(z)f, f) v <(2 + e+ 1/e) YjLWt + Wt), 

3=1 

and since C^°(f2) is dense in Hq(Q, <p, Vip) by Definition, this inequality is valid for all 

If (fk)k is a sequence in Hq(Q, <p, V<p) converging weakly to 0, then (fk)k is also bounded 
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in L 2 (Q,(p) and our assumption implies that we can find for any N G N a smoothly 
bounded domain CC Q such that 

= |V<^(z)| 2 + (l + e)A<^(z) >N 

on Q \ Qjsf. Therefore we obtain 

J \f k \ 2 e-*d\< J \f k \ 2 e ^dX + J ^le^dX 
n n N n\n N 

— \\fk\\%(Cl N ) + ll/fe|ll l¥ ),Vip- 

Now the classical Rellich - Kondrachov Theorem asserts that the injection H 1 ^^) ^ 
L 2 (Qn) is compact. Combined with our assumption, this shows that a subsequence of 
(fk)k tends to in L 2 (fl,ip), which proves the Proposition. 

□ 

Remark. Note that one does not need plurisubharmonicity of the weight function in 
the proof of the Proposition. If it is plurisubharmonic, one can of course drop 9. 

Note also that interchanging the roles of Xj and X* in the proof gives a criterion 
for compactness of the injection Hq(Q,(p) L 2 (Q,{p), since H/H^i^ ^ = ll/ll 2 + 
E"=i(ll x i/ll^ + II*77IIJ)- We formulate this in the next Proposition. 

Proposition 4.6. Suppose that the weight function satisfies 

lim (9\X7(p(z)\ 2 — Aip(z)) = +oo as well as 

z£Q,\z\^oo 

lim (0|V^)| 2 -A^))=+oo. 

z&l^z— >osZ 

for some 9 G (0, 1). Then the embedding of Hq (Q, <p) into L 2 (Q,(p) is compact. 

Remark. The two above conditions are not sharp, which is not surprising since they 
do not take the geometry of the boundary into account. To see this, take <p = 0, so 
both Hq(Q,{p) and Hq (fi, (p, Vy?) coincide with the classical Sobolev space. But the 
injection H%(Q) <-+ L 2 (tt) can be compact, if Q is sufficiently thin at infinity. See p], 
Chapter 6 for various conditions. 

5. Compactness in the weighted problem. 



The following Proposition is a well-known characterization of compactness in the d- 
Neumann problem on bounded domains. In fact, it can be proven verbatim as for 
instance in [20J in our context. 
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Proposition 5.1. Suppose that p is a plurisubharmonic weight function such that a 
bounded d-Neumann operator N 9 exists and let ||.||x be a norm on L^(fl) strictly weaker 
than \\.\ltp. Then the following are equivalent: 

(1) The d-Neumann operator on the level of (0,l)-forms Ni iV on L? 01 Jfl,tp) is 
compact. 

(2) The embedding of the space dom(d) fl dom(d ip ) provided with the graph norm 

/"-(II/IIJ+IW + II^/IIJ) 4 into Lfafaip) is compact. 

(3) For each e > there exists a constant C £ > such that 

\\fh<cm\\i+\\Kf&+ c e\\f\\x 

for all f G dom(d) fl dom(d^). 

To prove a first result on compactness of N v , we will make use of Garding's inequality, 
which we now reformulate to suit in our context. 

Proposition 5.2. ( Garding's inequality) Let fl be a smooth bounded domain. Then 
for any f G H 1 (fl, (p, Vy?) with compact support in fl, 

Proof. For the proof we refer the reader to [12J, Propostion 4.3. 

□ 

Following Catlin's idea for showing a sufficient condition for compactness of the d- 
Neumann operator on bounded domains in [3], we prove the next Proposition. Indeed, 
we can use the same proof with only minor modifications, which arise from the fact 
that we are using a different norm. 

Proposition 5.3. Let Q be a smooth pseudoconvex domain and let <p be plurisubhar- 
monic on fl. If the lowest eigenvalue \ v {z) of the complex Hessian of (p satisfies 

(5.1) lim = oo as well as lim X v (z) = oo, 

then Nip is compact. 

Proof. By assumption and plurisubharmonicity of the weight we are in the setting 
of Proposition 14.51 thus it suffices to use Proposition 15.11 and show a compactness 
estimate. 

Given e > we choose M G N with 1/M < e/2 and a smooth bounded domain 
fliM CG fl such that X v {z) > M whenever z G fl \ flu- Let < x < 1 be a smooth 
function with compact support in fl, which is identically one on Qm- Hence we can 
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estimate 

32 



2 



<QMJ) + M (xf,f)v 

<QMf) + M \\xf\\ H ^ (n,»,,v v ) II / II h- 1 (n, v , v v ) 
<QM, f) + Ma\\ X f\\l^ + a ' lM Wf\\ 2 H^(n,^y 



where a is to be chosen later. By assumption and Theorem a bounded d- Neumann 
operator exists, which implies \\f\\ 2 ^ < C^(||<9/||^ + f° r some C v > 0. Thus 

applying Garding's inequality 15.21 to the second term, we find a constant Cm only 
depending on fl M , \ and if such that 

M\\f\\l < Q v (f, f) + MaC M Q<p(f, f) + a-'MWfWl^^y 

Now choose a such that aCu < e/2, then 

ll/ll^^a^+^ll/ll^n,^) 
and this estimate implies compactness of N v by Proposition 15 . 1 1 

□ 

This condition on the weight function is of course rather restrictive, and it does not 
take the geometry of the boundary into account. To weaken it, we first consider the 
following example. 

Example. Suppose that Q C C is the upper halfspace, given by Q = {z : 3mz > 0}. 
Let ifM = e~ My , where y = 3mz. Then, clearly, < <pm < 1 on O and <£m is 
subharmonic since AtfM — M 2 e~ My . In particular AifM — M 2 on dQ. If we set 



CO 

(5-2) ^ = E^ 



3=1 

then if equals a bounded function on Q that is smooth and subharmonic in Q, such that 
A(f — > oo as z — > dQ. This consideration shows that given a plurisubharmonic weight 
t/ionO such that the lowest eigenvalue A^ of fulfills — > oo for \z\ — > oo, one can 
always construct by the substitution ip i— ► ip + <p a weight inducing an equivalent norm 
and satisfying the assumptions of Proposition 15.31 

In a bit more generality, suppose that Q C C n admits a global defining function r(z) 
which is strictly plurisubharmonic on f2. Set again <£m{ z ) — e Mr( - z \ As before, < 
<fiM < 1 on f2 and ipM is strictly plurisubharmonic, since 

pgr{z) = M^-(z)e M ^ + M 2 ^(z)^(z)e M ^ . 

OZjOZk OZjOZ k OZj oz k 

Since we assumed strict plurisubharmonicity of r, the lowest eigenvalue of the Hessian 
(d 2 r /dzjdz k )j k is strictly positive for all z G dfl. Although it could possibly tend to 
for z G dQ, \z\ — > oo, a construction as in (15.21) will nevertheless give us a bounded 
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function such that the complex Hessian of <p explodes at every boundary point, meaning 
that we proved the following Lemma. 

Lemma 5.4. Let Q C C n be an unbounded, smooth domain with strictly plurisubhar- 
monic global defining function r. Then there is a bounded smooth plurisubharmonic 
function if on Q such that all eigenvalues of the complex Hessian of ip tend to infinity 
as z G £1 tends to the boundary. 

In particular we have the following Proposition. 

Proposition 5.5. Let Q C C n be an unbounded, smooth domain with a strictly plurisub- 
harmonic global defining function r. Let A v be the lowest eigenvalue of the complex 
Hessian of the weight function. If 

lim X v = oo, 

z£Q,\z\ — >oo 

then the d-Neumann operator N v is compact on L^ Q <p). 

Proof. By Lemma 15.41 we can find an equivalent weight ip such that both 

lim Aw, = oo and lim A^, = oo. 

By Proposition 15.31 N,i, is compact, thus also N v since compactness is invariant under 
equivalent norms. 

□ 

A similar construction also works under the weaker assumption that dQ just satisfies 
Property (P), see Definition 11.21 Here we can not find a bounded function with prop- 
erties as in Lemma 15.41 but nevertheless it is possible to construct for any given weight 
<f with Xip(z) — > oo for z G fl, \z\ — > oo an equivalent one that fulfills condition (15.11) . 
In order to proof Theorem 11.31 we still need the following Proposition due to McNeal 
(see [19], Proposition 2.1). We have to modify it a bit to suit our needs, so we also 
include the slightly changed proof. 

Proposition 5.6. Suppose that Q is a smooth, unbounded and pseudoconvex domain 
in C n and suppose that V CC C" is open. If V D Q ^ 0, then there exists a smooth, 
bounded and pseudoconvex domain Q with the following properties: 

(a) vnnc n ; 

(b) all points in dQ \ dQ are strictly pseudoconvex. 

Proof. Let K ± = dQn V. There is an interger R such that K% CC Ki = M R n dQ. Now 
K 2 is part of the boundary of a smooth bounded pseudoconvex domain Cl 2 , such that 
Vi = Mr fl Q C 1^2- To see this, intersect Q with B^ + i to get a bounded pseudoconvex 
domain with continuous boundary and approximate it afterwards by something smooth. 
Thus we can use Theorem 1 from and find a smooth function r defining Cl 2 , such 
that — (— r) 77 is strictly plurisubharmonic in a neighborhood of K 2 for some < 7] < 1. 
We can assume without loss of generality that —(—r) v is strictly plurisubharmonic on 
V 1 . 

Choose R\ such that B#i intersects dQ transversally and such that V fl Q C n Q. 
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If we choose V\ big enough, we can also assume Br 1 Pi Q C V\. So dr (z) and d\z\ 2 
are linearly independent for z G dM^ n <9f2, and by continuity this also holds on a 
neighborhood of the intersection. Thus we find pi, p 2 and 5, such that this is true on 
(M Pl \M P2 )n{-6<r(z)<5}. 

From here on, we can follow verbatim McNeal's proof. Let Xi{t) be a real- valued, 
smooth and increasing function, such that \i = for t < Ri and Xi(t) an d Xi(t) 
strictly positive for t > R\. Let Xzif) be smooth and increasing, such that % 2 = —8 V 
for t < -5*1 and = t for t > -ft^. 

Now set 

p(^) = Xi(kr) + X2(-(-r(z))' ? ). 
By the same calculation as in [19J, Propostion 2.1, one verifies that the domain defined 
by p has the desired properties. 

□ 

Proof of Theorem \1.3[ First choose an arbitrary integer M. By assumption, one finds 
Ro such that X 9 (z) > 2 M for \z\ > Ro. By Proposition 15.61 there is a smooth bounded 
pseudoconvex domain Qi, such that f2nB# C Q\ and dQ\\dQ is strictly pseudoconvex. 
By assumption and strict pseudo convexity of the rest of the boundary, Qi satisfies 
Property (P). So after choosing M we can find (fx G C°°(f2i) with < cp\ < 1 and the 
lowest eigenvalue of the complex Hessian of tp\ greater than 2 on dQ.\. ipi is smooth 
on a closed set with smooth boundary, hence we can extend it smoothly to a bigger 
one. So extend (pi to a function tpi G C°°(Q), such that < tp\ < 2 and ip vanishes 
outside a ball with radius R\. We can choose R\ so big that the lowest eigenvalue 
of the complex Hessian of ipi is bounded from below by — 2 A/_1 and A^(Y) > 2 M+l for 
\z\ > Ri. Next we find a smooth bounded pseudoconvex domain Q 2 containing fiflB^, 
such that 80,2 \ dfl is strictly pseudoconvex. ^2 has Property (P). Hence there exists 
ip 2 with < ip2 < 1 and lowest eigenvalue of the complex Hessian of y?2 greater than 
2 M+1 on the boundary. Extend <p 2 to a function < ip 2 < 2 G C°°(r2) with support in 
Q n B^ 2 and Hessian bounded from below by —2 M and \{z) > 2 M+2 for \z\ > R 2 . 
Inductively, we construct functions ipj an d by construction, 

^ = <P + Yl Jj^i 

is a weight equivalent to (p satisfying (15. ip . Therefore N$ is compact by Proposition 
I5.3[ hence also N v . 

□ 

Remark. Motivated by McNeal's generalization Property (P) of Property (P) given in 
[18J, it would by interesting to know wether a version of Theorem 1 1 . 31 involving Property 
(P) still holds true. Note that the proof given here heavily relies on the boundedness 
of the "Property (P)"- functions. 

Example. As was shown by Catlin in [1], all domains of finite type satisfy Property 
(P), so this provides a class of domains for which the Theorem can be applied. Consider 
for instance a domain of the form Q p = {(V, z n ) G C n \ 3mz n > p(z')}, where p(z') is a 
plurisubharmonic function. In C 2 , such domains are always of finite type. 
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In view of Theorem 11.31 it is worth pointing out the following remark. 



Remark. Suppose that C fii- Let (fi be a weight function on f2i and let <^2 be 
the restriction of (fx to ^2- Then L 2 2 (f2 2 ) is continuously embedded in l£ (fii). But 
note that iV^ is not the restriction of to L 2 2 (f2 2 ). This is because ker^ 2 (d) is not 
embedded in kerQ 1 (d). In particular, compactness of iV^ does not imply compactness 



It remains to give the proof of Theorem 11.51 



Proof of Theorem \1.5[ In the first step of the proof we show that if N v is compact 
and if (/ n )^i is a normed sequence weakly tending to zero, then (D^fn, f n ) v — ► oo for 
n — > oo. (In fact, this property is equivalent to compactness). 

So let N v be compact. By the Spectral Theorem for compact self-adjoint operators, 
there is an orthonormal basis of L 2 01 JQ,(p) consisting of eigenvectors of N v , call it 
i v j}j&a- We have N v Vj = XjVj, where Xj — > for j — > oo and we assume the Xj to 
be ordered decreasingly. Moreover we have Vj G dom(n v ) and 0<pVj = 1/XjVj. Now if 
(fn)n is a normed sequence weakly converging to zero, then /„ = Yl'jLi a njVj, where for 
all n it holds Yl'jLi \ a nj\ 2 — 1 and for all j it holds that \a n j\ — > as n —>■ oo, since weak 
convergence is equivalent to coordinatewise convergence. Hence, for any given M G N 
and e > we find J such that 1/Xj > M for all j > J and after that N such that 
Y^i=i \ a nj\ 2 < £ for any n> N. Thus for any n> N 



1 x 1 

(Dp/ni fn)<p = ~l Q "jl + ^ ] T - 

-1 J 



l u «il f / v ^ I""./ 

>M(l-e) 
>M/2 

for e sufficiently small, which proves the first statement (Note that in this computation, 
one can not directly commute with the infinite sum, since it is not bounded. Nev- 
ertheless the identity holds true, as one can see be substituting /„ = N^Un and using 
the uniqueness of the expression in an orthonormal basis). 

To finish the proof, let (B(^,r))/ be a sequence of disjoint balls in Q. Without loss 
of generality we can assume z = 0. Now let x £ Aq°' 1 ' ) (B(0, r)) be a real- valued form 
with ||xlU 2 01 = 1 an d set x = x{ z ~ z i) as well as f"> = x^e 1 ^ 2 . Then (f^)i is a 
normed sequence in L 2 ^(fi, (p), and it tends weakly to zero since the support of 
moves out to infinity. Thus by the first part of the proof combined with the Kohn - 
Morrey formula 13.31 we have that 



j,k=l J u J K j,k=l 
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Off 


/ 

n 





'^dX — > oo 



as I — > oo. Plugging in the definition of p l \ we get 



j,k=i 



X 



(i) dip d X f 



dz k dz k 



dX — > oo. 



Now x an d hs first order derivatives are uniformly bounded in /, so estimating the 
complex Hessian of p) by its trace and using the triangle inequality it follows 



lim > 



3=1 



B(«!,r) 



oo. 



After increasing r, this combined with Lemma [4.41 implies the claim. 



Remark. Note that by Lemma |4~4"1 lim^oo f v , s Aip dX = oo for any sequence B(zj 
of disjoint balls relatively compact in Q holds if and only if 



□ 



lim 

l— >oo 



/ |Vv5| 2 rfA = oo 

JV>{z u r) 



for any such sequence. 



6. Some applications to the unweighted problem. 



In this closing section, we will think of the unweighted problem as the special case 
ip = 0. Let us start with an illustrative example of what one can expect. 

Example. Suppose that Q is not quasibounded, so there exists a sequence of dis- 
joint balls M(zi,r) with fixed radius r contained in Q. Consider a (0, l)-form v G 
Aq '^(IB(2: , r)) such that \\v\\ L 2 ^ = 1. Without loss of generality we can assume z = 
and clearly, v G dom(\3). Now take transverses v n (z) = v(z — z n ) of v. By definition, 
they have disjoint support and ||f n ||i, 2 0:l — 1- (E3v n ) n is a bounded sequence, but the 
functions N\3v n = v n are pairwise orthogonal hence they can not contain a convergent 
subsequence. Thus N is not compact. Note also that <p> = does not satisfy the neces- 
sary condition of Theorem 11.51 

Suppose that there is a sequence M(zi,r{) of disjoint balls contained in Q, such that 
T\ — > oo, then by a similar argument it follows that the unweighted <9-Neumann opera- 
tor on Q is not bounded. 

Remark. The unit ball B C C n is strictly pseudoconvex and thus the <9-Neumann 
operator on B compact. Nevertheless, the ball is biholomorphic to the Siegel upper 
half space U = {(z r ,z n ) G C n : 3mz n > \z'\ 2 } via the Cayley transform, and the 
previous example shows that there is no bounded (9-Neumann operator on U. This 
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shows in particular, that existence and compactness in the <9-Neumann problem are 
not invariant under biholomorphisms. 

The example also motivates the following Definition, which is again taken from [TJ. 
Definition 6.1. A domain Q is called quasicylindrical if and only if 

limsup dist(z,dQ)<C 

ZCzll.. |z|^oo 

for some C > 0. Equivalently, Q is quasicylindrical if and only if there is no sequence 
of pairwise disjoint balls with radii going to infinity contained in Q. 

Summing up, we can state the following Lemma. 

Lemma 6.2. Suppose that Q is an unbounded domain. If the there is a bounded d- 
Neumann operator on Q, then Q is quasicylindrical. If the d-Neumann operator is 
compact, then Q is quasibounded. 

On the other hand, we can combine the Kohn - Morrey formula 13.31 with the fact that 
existence of the <9-Neumann operator is invariant under equivalent weights, to get a 
sufficient condition for existence. 

Lemma 6.3. Suppose that Q is pseudoconvex and that there exists a bounded plurisub- 
harmonic function ip on Q, such that 

liminf > e > 0. 

z£Q,\z\— >oo 

Then there exists a bounded d-Neumann operator on L 2 (Q). 

Proof. If ip is a function with the assumed properties, consider the <9-Neumann problem 
in the weighted space L 2 01 ^(Q,<p). By Theorem 11.11 there is a bounded d- Neumann 
operator on L 2 ^(fl, ip) , hence also on L 2 01 ^(fl), since a bounded weight is equivalent 
to the one identically zero. 

□ 

Example. Let Q be of the form Q = D x { — 1 < 3mz n < 1}, where D is a bounded 
domain in C n_1 . Then ip = \\z'\\ 2 + y\ is a bounded plurisubharmonic function on Q, 
such that X,p > |. 

Conversely, suppose that Q contains a complex line. Then there can be no such func- 
tion, since there is no bounded plurisubharmonic function ip on C such that Aip > e 
uniformly. 

Remark. The same argument can be used to show existence of a d- Neumann operator 
on non-pseudoconvex domains, if one assumes the Levi-form of the defining function of 
Q to be semibounded from below. Suppose that 



7F ^ — C||t|| 2 for all teC n , zett 
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and assume that there is a plurisubharmonic function (p on Q as in Lemma 16.31 Then 
ip = (C + l)(p/e is a bounded function and the Kohn - Morrey formula 13.31 shows that 
Qip{f> f) > Il/Ilw)> thus a bounded <9-Neumann operator exists. 

In particular if Q is bounded and of class C 2 , there is a C 2 -defining function r and since 
dQ is compact, the Levi-form of r is always bounded from below. <p{z) = \\z\\ 2 is a 
bounded plurisubharmonic function on Q, with = 1, thus a bounded 9- Neumann 
operator exists on each bounded domain with C 2 -boundary. 

Lemma 6.4. Let Q be pseudoconvex and suppose that it satisfies Property (P). Suppose 
furthermore that there is a bounded plurisubharmonic function (p on Q, such that A^ — > 
oo for \z\ — > oo. Then N is compact on L 2 (Q). 

Proof. Take (p as weight function. Theorem 11.31 assures that N v is compact on 
L 2 <p), thus also the unweighted <9-Neumann operator on Q is compact, since 
compactness is invariant under equivalent weights. 

□ 

Example. Suppose that Q is given by Q = {x+iy G C | x 2 y 2 < 1}. Then by definition, 
<p = x 2 y 2 is a bounded function on Q and furthermore we have Aip = x 2 + y 2 . Thus 
is compact on L 2 (Q) by Lemma [6.41 
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